Anisotropic London theory is used to predict the Abrikosov flux lattice for arbitrary field orientations in crystals of YBa 2 Cu 3 O 7−δ by minimising the Gibbs free energy for samples of a planar geometry. At low fields the "vortexchain" state exists, i.e. the inter-chain vortex separation scales as the inverse flux density, 1/B, whereas the intra-chain vortex separation is constant. At higher fields there is a cross-over to the uniaxially distorted hexagonal lattice where the inter-vortex separation scales as 1/B 1/2 . At low fields the vortex lattice is inclined towards theĉ axis, rotating towards the applied field at higher fields. The results of this calculation are in close agreement to the Bitter pattern experiments of Gammel et al. 1 assumming an anisotropy ratio γ of 5 and an in-plane penetration depth λ a of 1 413Å, indicating that the "vortex-chain" state has been observed in these experiments.
I. INTRODUCTION
An interesting aspect of high temperature superconductors is the nature of the mixed state in which magnetic flux lines (or vortices) penetrate the superconducting sample when the applied field exceeds H c1 . In isotropic materials the vortices are arranged in a regular hexagonal lattice 2 . In the anisotropic high temperature superconductors, however, the vortex lattice is distorted for an applied field not parallel to the crystalline axis. The detailed structure and arrangement of vortices in these materials has been the subject of much experimental and theoretical attention in the last few years.
For high magnetic fields the distortion of the equilibrium flux line lattice depends on the anisotropy ratio and orientation of the lattice with respect to the crystalline axis 3 . At low magnetic fields, however, it has been predicted that the flux line lattice becomes distorted into a series of equally spaced vortex chains, running parallel to the plane containing the applied field and theĉ axis: the θ plane. This "vortex-chain" structure arises from the vortex-vortex interaction becoming attractive for magnetic fields not parallel to one of the principle crystalographic axes 4, 5 . The minima of the interaction are situated at a distance x min on either side of the vortex core in the θ plane. The lattice is no longer expected to scale uniformly with field; the intra-chain spacing, the distance between vortices within a chain, is determined by x min . For a fixed magnetic flux density the intra-vortex spacing remains constant, and hence the inter-vortex spacing, the distance between chains, is inversely proportional to the flux density.
A number of experiments have investigated the flux lattice directly; both on the surface of the sample, and within the bulk. Small angle neutron scattering experiments have been performed to probe the magnetic field distribution within single crystals at high fields. The plan of this paper is as follows: in §II we discuss the thermodynamics of planar superconductors in a magnetic field. This is the situation relevant to most of the recent decoration experiments on high temperature superconductors. §III discusses the magnetic field distributions obtained from anisotropic London theory, which enables the pairwise interaction between vortices to be calculated. In §IV we explain the details of the lattice summation, for both the low and high field limits, while §V describes the results and a comparison with the experimental observations. We summarise in §VI.
II. THE THERMODYNAMICS OF PLANAR SUPERCONDUCTORS
The high resolution Bitter pattern experiments of Gammel et al. 1 were performed on flat platelets approximately 0.5mm x 0.5mm square, and between 5 to 40 µm in thickness. Thus, demagnetisation effects must be considered in the determination of the flux line lattice. In figure 1 we illustrate the coordinate system used in this paper. The (X,Ŷ,Ẑ) axes define the crystallographic axes withẐ being parallel toĉ and (X −Ŷ) lying in the (â −b) plane.
In general an applied field, H a , will be oriented at an angle φ with respect to theĉ axis.
Since we are only concerned with uniaxial anisotropy, the plane enclosed byĉ and H a is a symmetry plane. Hence, the magnetic flux density, B, defined as the average flux density per unit cell, also lies in this symmetry plane, at an angle θ with respect to theĉ axis. We therefore define a coordinate axes (x,ŷ,ẑ) by a rotation of θ about theŶ axis, such thatẑ is parallel to B.
To simplify matters we will assume that the platelets are infinite in theâ −b (X −Ŷ)
plane. The boundary conditions are then that the normal component of B and the parallel component of H to the surfaces are continuous, i.e.,
and
where B a = H a . Equation (1) is generally satisfied in Bitter pattern experiments on flat platelets; see for example, figure (1) in reference [ 1] . The flux density is determined by,
In the presence of fixed external currents and temperature the equilibrium flux line lattice is obtained by minimising the Gibbs free energy,
where U contains the interaction between the flux lines and their self-energies, and we have defined G in CGS units.
The Gibbs energy is stationary with respect to the normal component of B, and hence the correct thermodynamic potential to be minimised is,
where H X is given by equation (2) and B X by
As shown by Kogan 9 , the general expression for the pairwise interaction per unit length, U 12 , between two parallel vortices is
where h z (r 12 ) is the longitudinal component of the magnetic field due to vortex 2 at the position of vortex 1 (and vice versa). In a periodic lattice all points are equivalent. Hence, the lattice sum is obtained by summing the pairwise interactions between a vortex at the origin and another at the lattice position R i , multiplied by the vortex number density, n.
Then the interaction energy per unit volume is,
This sum includes the self-energy of the vortices, taken as the limit R i → 0.
Using the Poisson sum formula equation (8) can also be expressed as the reciprocal space sum,
whereh z (G) is the Fourier transform of h z (R) and G j are the set of reciprocal lattice vectors.
The prescription for obtaining the equilibrium flux line lattice is now as follows. First U is minimised with respect to the vortex positions for a given density and orientation of the flux lattice with respect to theĉ axis. Finally, U is substituted into the Gibbs free energy which is minimised as a function of the orientation of the flux lattice. Before U can be calculated, however, the longitudinal component of the field distribution must be known. This is derived from the London theory in the next section.
III. ANISOTROPIC LONDON THEORY
The high temperature superconductors may be viewed as a stack of superconducting layers coupled via Josephson tunnelling. This is conveniently described by the LawrenceDoniach model 10 . The Lawrence-Doniach model introduces four length scales: the in-plane coherence length (ξ ab ) and penetration depth (λ ab ), the distance between planes (s) and the Josephson length scale, λ J = ξ ab 2/ρ, where ρ is the dimensionless Josephson coupling constant. λ J has the physical significance that for distances from the vortex core of less than λ J the phase differences between planes are large. Conversely, for distances from the core of greater than λ J the phase differences between planes are small. In the latter case the Josephson currents are small and in the extreme type II limit the Lawrence-Doniach model becomes equivalent to the three dimensional London theory with uniaxial anisotropy.
In YBa 2 Cu 3 O 7−δ λ J ≈60Å, which for most typical field strengths is much smaller than the inter-vortex spacing. Hence, the vortex-vortex interactions are accurately described by London theory. Within the London approximation the basic equation describing the magnetic field distribution for an isolated vortex is
where Λ = mc 2 /4πn s e 2 , and m is the effective mass tensor. For uniaxial anisotropy Λ has two degenerate eigenvalues: Λ a associated with screening currents flowing in the plane, and Λ c associated with screening currents flowing along theĉ-axis. The anisotropy ratio,
is defined by λ J /s. Fourier transforming and inverting equation (10) we obtain
where Q = k ×ĉ.
The field component parallel to the vortex is
where
Equation (13) is conveniently expressed as
The expression for h z (r) is obtained from the inverse Fourier transform ofh z (k) to produce
with
K 0 and K 1 are the zeroth and first order Bessel functions, respectively.
In isotropic superconductors the magnetic field due to a vortex is parallel to the vortex core and positive. Hence, the Lorentz forces between a pair of vortices is centrally directed and repulsive. In anisotropic superconductors, however, there are both longitudinal and transverse components to the vortex field. Furthermore, the longitudinal component becomes negative with minima situated at a distance x min either side of the core in thex direction (i.e. in the plane enclosing theĉ axis and B). The Lorentz force between a pair of vortices therefore becomes attractive for certain relative orientations. It is this attractive interaction which has led to the suggestion of the vortex-chain regime for flux densities where the average vortex spacing becomes comparable to x min . In figure 2 we plot x min as a function of the orientation of the vortex with respect to theĉ axis for anisotropy ratios of 5.
IV. THE LATTICE SUMMATION
The interaction energy of a lattice of vortices is given in equations (8) and (9) . In this section we discuss the most efficient way of performing these summations.
A. Low Field Limit
In the low field limit, defined by L ≫ λ, where L is the average inter-vortex spacing, the real space sum converges rapidly. The area of the unit cell, s, and hence n, is defined by,
The effect of the uniaxial anisotropy is to both lift the orientational degeneracy of the hexagonal lattice and to cause a uniaxial distortion of the equilateral triangles. A deformation of β x in the x direction and by β y in the y direction will produce a family of isosceles triangles.
For a fixed flux density s is constant, so that β x β y = 1, and hence we denote β x = 1/β y = β.
There are two orientations of the lattice which are compatible with the uniaxial symmetry.
However, as shown in ref. [ 3] the orientation of the lattice which minimises the energy for high flux densities is that illustrated in figure 3 . This is also the orientation which minimises the energy in the low density limit.
A general lattice vector corresponding to the unit cell shown in figure 3 is
where a 1 = Lβx,
and m and n are integers. The summations of h 1 (r) and h 2 (r) are performed over ellipses defined by the contours of h 1 (r) and h 2 (r), respectively.
In the London approximation the vortex self-energy is divergent due to the inability of the theory to describe the core adequately. The theory assumes a constant local magnetic field across the core, its value being given at r = ξ. However, in anisotropic superconductors the vortex core is not circular, but elliptical for fields oriented away fromĉ. Hence, an elliptical cut-off is required to remove the divergence at small r, namely ξ x = ξ zz and ξ y = ξ a , where
(ξ a and ξ c are the in-plane and out-off-plane coherence lengths).
The self-energy is therefore given by
where κ = λ ab /ξ c = λ c /ξ a .
B. High Field Limit
For high magnetic fields, L ≪ λ, the real space sums converge slowly. The summation of equation (8) can be more easily evaluated in reciprocal space to obtain the lattice energy
whereh z (G pq ) =h 1 (G pq ) −h 2 (G pq ) and
The coefficients a(u) and b(u) are given in equations (19) and (20). G pq describes the set of reciprocal lattice vectors,
with G o = 2πL/s, and p and q are integers.
The sum ofh 2 (G pq ) converges rapidly. However, the sum ofh 1 (G pq ) is logrithmically diverging because of the 1/G 2 behaviour. Physically this corresponds to the self-energy of the vortex core. There are various ways to deal with this divergence. One method 12 is to use a Gaussian cut-off in the reciprocal space sum. Another is to use the Ewald summation method, originally used by Fetter 13 for type II superconductors. The advantage of the latter method is that it explicitly removes the formally diverging self energy term, so we adopt it in this paper.
The details of the extension of Fetter's method to anisotropic superconductors are shown in the appendix. Here we simply quote the result for the total energy per unit volume, excluding the self-energy, as
The vortex self-energy (obtained in the limitR i → 0) is not included in this summation, but can be evaluated as before by employing an elliptical cut-off for the vortex core, namely
x → ξ x = ξ zz and y → ξ y = ξ c . Hence, with the substitutionR i = 1/κ, the self-energy term becomes
V. RESULTS AND DISCUSSION
We now turn to a discussion of our predictions for the lattice parameters, and their comparsion with experiment. Figure To show that the vortex-chain structure has indeed been observed in reference [ 1] we must take into account the effects of the rotation of the flux lattice as a function of applied field. This has two consequences: first, the position of the minimum in the vortex-vortex interaction, x min , will change, as it is angular dependent. This angular dependence is shown in figure 2 . Second, the magnetic flux density in the plane normal to the flux lattice is not linearly related to the applied field, but given by equation (3). We therefore scale the results in the following way. The intra-chain distance in the plane normal to the flux lattice, d = D cos θ, is divided by x min and plotted against the inverse flux density, 1/B. In the vortex-chain regime this quantity should be a constant. To preserve areas the inter-chain distance is multiplied by x min , and should be inversely proportional to the flux density. 
At high fields the flux lattice is parallel to the applied field, so θ = φ.
As a final comparison to experiment we calculate the value of the intra-chain distance on the surface of the sample as a function of the orientation of the applied field for a fixed normal component of 12 Oe. This is shown in figure 6 with the experimental values of [ 1] for comparison. Again, there is reasonable agreement for this choice of parameters.
VI. CONCLUSIONS
In summary, we have calculated the equilibrium flux line lattice in planar crystals of YBa 2 Cu 3 O 7−δ using three dimensional anisotropic London theory. By taking into account demagnetisation effects, which cause the flux line lattice to orient away from the applied field towards the crystalline axis, we are able to show that the low field Bitter pattern experiments of Gammel et al. 1 demonstrate the existence of the "vortex-chain" state. In this state the intra-chain distance is independent of flux density, whereas the inter-chain distance scales as the inverse flux density, 1/B. We also demonstrate that as the field strength is increased there is a smooth cross-over to the distorted hexagonal lattice in which the inter-vortex spacings scale uniformly as 1/B 1/2 .
The agreements between theory and experiment are found for an anisotropy ratio γ of 5 and the in-plane penetration depth λ a of 1 413Å. This value of the penetration depth is the zero temperature penetration depth, and not the value of the penetration depth at the irreversibility line quoted for twinned samples. Since the samples used in ref [ 1] are relatively twin-free, consisting of untwinned regions of at least 100µm square, we deduce that locally the lattice is not frozen but has assumed its zero temperature equilibrium configurations.
Finally, collecting terms,
where the exponential integral is
The logarithmically diverging contribution comes from the termR i → 0 in (A6). 
